The near-IR and X-ray flares in Sagittarius A* are believed to be produced by relativistic electrons via synchrotron and synchrotron self-Comptonization (SSC), respectively. These electrons are likely energized by turbulent plasma waves through second order Fermi acceleration that, in combination with the radiative cooling processes, produces a relativistic Maxwellian distribution in the steady state. This model has four principal parameters, namely the magnetic field B, the electron density n, their "temperature" γ c m e c 2 , and the size of the flare region R. In the context of stochastic acceleration by plasma waves, the quantities R n 1/2 B and γ c Rn should remain nearly constant in time. Therefore, simultaneous spectroscopic observations in the NIR and X-ray bands can readily test the model, which, if proven to be valid, may be used to determine the evolution of the plasma properties during an eruptive event with spectroscopic observations in either band or simultaneous flux density measurements in both bands. The formulation we develop here may also be applicable to other sources radiating via thermal synchrotron and SSC processes.
Introduction
Sagittarius (Sgr) A*, the compact radio source in the center of our Milky Way Galaxy, is powered by accretion onto a ∼ 3 − 4 × 10 6 M ⊙ supermassive black hole (Schödel et al. 2002; Ghez et al. 2004; Melia 2006) . There is compelling evidence that the near-IR (NIR) flares seen in Sgr A* are produced by relativistic electrons via synchrotron emission within a few Schwarzschild radii of the black hole (Genzel et al. 2003; Liu & Melia 2002) . Inverse Compton scattering of the NIR photons by the same electrons produce X-and γ-ray emission, which may account for the observed X-ray flares (Baganoff et al. 2001 (Baganoff et al. , 2003 Goldwurm et al. 2003; Porquet et al. 2003; Bélanger et al. 2006) . Simultaneous multi-wavelength observations of Sgr A* during a handful of flares have generally supported this hypothesis (Eckart et al. 2004 (Eckart et al. , 2005 Bélanger et al. 2005; Yusef-Zadeh et al. 2006) . However, our knowledge of the electron acceleration mechanism is still very rudimentary, and we have little guidance regarding the flare energization process, though some details are starting to emerge (Liu et al. , 2006 Tagger & Melia 2006; Bromley, Melia, & Liu 2001; Broderick & Loeb 2005) .
The first NIR spectroscopic observations at a frequency ν ≃ 1.4 × 10 14 Hz revealed very soft power spectra, νF ν ∝ ν α , with an index −4 < α < −2 (Eisenhauer et al. 2005) , indicating a sharp cutoff in the relativistic electron distribution. Such a cutoff is a natural consequence of stochastic acceleration by plasma waves, in which low-energy electrons are accelerated up to a (relativistic) velocity, at which radiative cooling becomes important (Schlickeiser 1984; Park & Petrosian 1995) . In Sgr A*, the X-ray flare luminosity is always lower than that of the NIR events, so synchrotron cooling is dominant (Liu et al. 2006 ). More recent observations also indicate that the NIR flux density F ν may be correlated with the spectral index α (Ghez et al. 2005; Gillessen et al. 2006; Hornstein et al. 2006) .
In earlier work, we demonstrated that if thermal synchrotron and SSC are the dominant emission mechanisms during Sgr A*'s flares, simultaneous X-ray and NIR spectroscopic observations can measure the source size R, electron density n, their temperature γ c m e c 2 , and the underlying magnetic field B. Flares in Sgr A* are likely driven by an accretion instability (Liu & Melia 2002; Tagger & Melia 2006) , which triggers the transfer of gravitational energy into turbulent plasma waves. In this Letter, we show that the stochastic acceleration of electrons by plasma waves produces a relativistic Maxwellian distribution in the steady state. The temperature, γ c m e c 2 , of the plasma is set by the acceleration and synchrotron cooling rates. The latter depends only on B, while the former is given by the combination of B, n, and R. The implication is that the product γ c nR should not vary significantly as the flare evolves, nor from one flare to the next. Moreover, since electrons gain energy from the plasma waves, overall energy conservation requires that the luminosity be equal to the energy transfer rate from turbulence which, like the acceleration rate, depends only on B, n, and R. This requires Bn 1/2 R to be constant. These two system constraints effectively reduce the model parameters to just two, so that simultaneous NIR and X-ray spectroscopic observations should be sufficient to test the model. If this picture is shown to be valid, the properties of the flaring plasma may then be readily determined with spectroscopic observations in either band, and this will help to recover details of the physical processes involved during the flares. The formulation and methods developed here are applicable with equal validity to other thermal synchrotron and SSC sources.
Stochastic Acceleration of Electrons by Plasma Waves
The evolution of an electron distribution N(γ, t) under the influence of a turbulent magnetic field is given by (Blandford & Eichler 1987 )
where γ = 100γ 2 is the Lorentz factor and the synchrotron cooling and acceleration times are given, respectively, by (Fermi 1949 )
where m e , m p , c, e, and v A = B/(4πnm p ) 1/2 are the electron mass, proton mass, speed of light, elementary charge unit, and Alfvén velocity, respectively, τ 0 = 9m 3 e c 5 /4e 4 B 2 , B 1 = B/10 Gauss, n 7 = n/10 7 cm −3 , R 12 = R/10 12 cm, and C 1 -a dimensionless quantity depending on the microscopic details of the wave-particle interaction-is on the order of 1 if the collision mean-free-path is comparable to the size of the flare region R, which may be smaller than the Schwarzschild radius (∼ 10 12 cm) of the black hole. As we shall see below, particle-particle collisions can be ignored for Sgr A*, and the electrons are mainly scattered by the turbulent plasma waves. Since the inferred particle pressure is much higher than the magnetic field pressure, the bulk of the energy release should not depend on the interaction of the plasma with an external magnetic field. R is the only length scale in the system and should be comparable to the particle mean-free-path. If the flares are triggered by instabilities that are similar from event to event, C 1 should be nearly constant. Then in steady state one has (dropping the time dependence)
The normalization of N is accurate to order γ −2 c . Therefore γ c R n only depends on the properties of the turbulent plasma waves generated by the instability and should not change significantly with time.
Thermal Synchrotron Emission and SSC
The thermal synchrotron flux density and emissivity in the relativistic regime are given, respectively, by the well-known formulae (Petrosian 1981; Mahadevan, Narayan, & Yi 1996) 
where
the frequency ν = ν 14 10 14 Hz, and the distance to the Galactic Center D = D 8 8 kpc. The spectral index in a given narrow frequency range is therefore
and the flux density may be written
The thick lines in the left panel of Figure 1 exhibit this spectral index (dotted), and the normalized spectrum x 2 M I(x M ) (solid), as functions of the normalized frequency x M . In the picture we are developing here for Sgr A*'s flares, the gravitational energy of protons and ions are released by a macroscopic instability, which generates the turbulence on a scale comparable to the source size. The turbulence then cascades toward small scales and accelerates electrons in the process. We can estimate the energy transfer rate in a fully developed MHD turbulence from dimensional analysis: where C 2 is another dimensionless quantity that only depends on the turbulence generation mechanism and therefore remains nearly a constant. If there are no other significant energy loss processes, this energy transfer rate should be equal to the source luminosity (L ≃ L syn ) in the steady state, where 
We therefore infer that R 12 n 1/2
a condition that should not change significantly with time either. We note that even though there are other major energy loss processes, such as the diffusive escape of accelerated particles and/or the propagation of waves away from the flare region , we expect that an approximately fixed fraction of the released energy goes into radiation. The above constraint is still valid (except that this would then imply a lower value of C 2 ).
For the bright NIR flare observed by Ghez et al. (2005) , α = 0.5, ν 14 = 1.429, and F ν = 7 mJy. From equations (9), (8), (4), (10), and (13), we have
ν c = 1.954 × 10
Hz ,
R 12 = 0.08471 C All these values are consistent with the results of previous studies (Liu et al. , 2006 . We note that the electron pressure (∼ nγ c m e c 2 ) is about 5 times higher than that of the magnetic field. The total particle pressure could be much higher.
The particle acceleration time is τ ac = 5.845 C 7 hrs (ln Λ = 40 in this case), is much longer than any other time scale. Particle-particle collisions, therefore, may be ignored.
To estimate the optical depth through the emission region, we use the synchrotron absorption coefficient (Pacholczyk 1970) 
with which the optical depth is calculated as
For the above referenced NIR flare,
so the source is optically thin above x M = 1.766 × 10 −3 , i.e., for frequencies ν exceeding 34.52 GHz. Therefore most of the emission occurs in the optically thin regime, and one may approximate the source as optically thin. The corresponding photon energy density is
more than 3 times lower than that of the magnetic field, justifying our neglect of the cooling due to SSC which, however, may be incorporated into the model by replacing the B 2 in Equations (2) and (12) with B 2 + 8πU when necessary.
The SSC flux density is given by (Blumenthal & Gould 1970 )
Note that we have extended the integral over γ to 0, since this approximation simplifies the formula significantly and the error introduced is less than 0.2%.
Similarly one can define the spectral index as
The normalized power spectrum zG(z) and α X are depicted by thin lines in the left panel of Figure 1 .
For the above mentioned NIR flare, the model predicts that in the Chandra and XMM bands (ν X = ν X 18 10 18 Hz, which corresponds to ∼ 4.2 keV)
ν 14 1.429
which is about 9 times the quiescent flux level. From equations (28) and (30), one obtains the correlation between the NIR and X-ray spectroscopic observations. For a given X-ray spectral index, which is a function of z, Equation (28) gives the dependence of the NIR flux density on x M o , which determines α. For a given X-ray flux density F X , one obtains x M o as a function of z by eliminating the F ν terms in the two equations. This gives F ν as a function of α with x M o as a parametric variable. These two relations are plotted in the right panel of Figure 1 for C 1 = C 2 = D 8 = 1.0. Here F X is in units of Sgr A*'s quiescent flux density at 4.2 keV.
Discussion and Conclusions
First, we notice that for weak NIR flares with very hard spectra (to the bottom-right of the figure), there may be little X-ray emission. This may explain why the occurrence rate of NIR flares is more than two times greater than that of the X-ray events. However, because the X-ray spectral index α X is also large (corresponding to a hard spectrum; see Eq.
[27]), we expect hard X-ray/γ-ray emission (> 10 keV), especially during bright NIR flares (to the top-right of the figure) . A statistical study of all the observed flare events may test this prediction (Hornstein et al. 2002) .
Second, brighter X-ray flares, which occupy the top-left region of the figure, tend to have higher NIR fluxes and softer NIR spectra. The X-ray spectral index also decreases as one moves to the left, which implies less γ-ray emission. We therefore expect little γ-ray emission accompanying weak NIR flares with very soft spectra, corresponding to the bottom-left region of the figure.
Third, for a given NIR spectral index α, F X is roughly proportional to F ν , α X correlates with F ν for low values of α, and the latter correlation almost vanishes for positive α. For low values of α, we also expect a correlation between the X-ray flux and spectral index.
Finally, the results are very sensitive to the values of C 1 and C 2 . The dashed line in the figure indicates X-ray flares with C 1 = 2 and a flux 10 times higher than the quiescent value. This is quite different from the line with C 1 = 1.0. Therefore C 1 and C 2 may be determined very accurately with simultaneous NIR and X-ray observations. We note, however, that the steady-state solution may not be valid when the acceleration time is longer than the dynamical time of ∼ 20 mins. This regime is shaded in the right panel of Figure 1 (see eq. [20] ). In the most general cases, both τ ac and τ 0 are functions of t, which are determined by the large scale MHD processes of the accretion instability that triggers the flare (see, e.g., Tagger & Melia 2006) . Time dependent solutions of Equation (1) are needed, though we don't expect the electron distribution to be radically different from Maxwellian. By introducing a time-dependent γ c , the results here may be readily generalized to incorporate the time evolution of the system. One may also have to take into account the Doppler and gravitational effects as the emitting plasma is likely moving on a Keplerian orbit near the black hole (Bromley et al. 2001; Broderick & Loeb 2005) . These are beyond the scope of the current investigation.
In this paper we have shown that Sgr A*'s flare activity may be explained with thermal synchrotron and SSC emission by electrons that are likely heated via stochastic interactions with turbulent plasma waves. We have provided general expressions for the emission spectra and have related the properties of the flaring plasma to the currently available spectroscopic observations. In the context of stochastic acceleration, the properties of the flaring plasma, namely B, n, R, and γ c , satisfy two time-insensitive constraints. Simultaneous NIR and X-ray spectroscopic observations can readily test this model, especially for the states with hard NIR spectra. If proven to be valid, the model can give the properties of the flaring plasma from either NIR or X-ray spectroscopic observations or simulateous flux density measurements in both bands, and may therefore provide powerful tools to study physical processes near the event horizon of the supermassive black hole at the Galactic Center. A time-dependent treatment of this problem will make it possible to compare MHD simulations of the black hole accretion with the observed flare activity in Sgr A*, which will eventually lead to a measurement of the black hole's spin (after the instability is identified and light propagation effects are incorporated properly). The formulae for the thermal synchrotron and SSC emission are valid so long as optically thin synchrotron emission dominates the radiative output of the source and may therefore be applicable to other astrophysical sources, particularly Low-Luminosity-AGNs.
